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Example 3.7-2. Let X and Y have the joint p.d.f.
fxy)=2 0=sx<y<L

ThenR = {(x,y): 0<x<y< 1}‘is the support and, for illustration,

1
P(OsXs%,OsYs%)=P(osXs Y,0 < Ysi)

1z py 1/2 1
=f f2dxdy= 2ydy = -.
o- Jo 4

0

The shaded region in Figure 3.7-2 is the region of integration that is a
subset of R, and the given probability is the volume above that region under
the surface z = 2. The marginal p.d.f’s are given by

1
nar=f2@=2a—n, osx<1,

.and

y
fz(V)=_[2dX=2y, 0<y<l
]
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FIGURE 3.7-2
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Four illustrations of expected values are
1 pl 1 1
E(X):J‘ fzxdydx:J.Zx(l—-x)dx=—_’
0 vx 4] 3

1 py 1 2
E(Y)=f JZydxdy=f2y2dy=~,
o Jo 0 3

1 sy 1 1
E(Y?) =J f2y2 dx dy = f 2% dy = =,
0 0 [¢] 2

and
Cov(X, Y) = E[(X — pxXY — puy)] = E(XY) — pxpy |

[ [ ()

v 2 1 2 1

From these calculations it is obvious that E(X), E(Y), and E(Y?) could be

calculated using the marginal p.d.f’s as well as the joint one.
]Eo wd el Qs 6ot s ‘.j
~"Tet X and Y have a distribution of the continuous type with joint p.d.f.
f(x, y) and marginal p.d.f’s f;(x) and f,(y), respectively. So in accord with our
policy of transition from the discrete to the continuous case, we have that the
conditional p.d.f., mean, and variance of Y, given X = x, are, respectively,

h(y|x) = ff(:zx;) ) provided f,(x) > 0,

E(Y|x) = f:yhmx) dy,

and
Var(Y|x) = E{[Y — E(Y|x)]*|x}

=wa—Hﬂm%Mﬂw

= E[Y*|x] — [E(Y|x)]".

Similar expressions are associated with the conditional distribution of X,
given Y = y.

Example 3.7-3. Let X and Y be the random variables of Example 3.7-2.
Thus

f(x,)’)——-z, 0<x=<y<l,
) =2(1-x), . 0<x<1,
and W =2y, 0<y<Ll




Before we actually find the conditional p.d.f.of Y, given X = x, we shall give
an intuitive argument. The joint p.d.f. is constant over the triangular region

shown in Figure 3.7-2. If the value of X is known, sa X = x, then the An illustration of a co i " ey
possible values of Y are between x and 1. Furthermore vyve would expect Y ‘ mputation of a conditional probability is
to be uniformly distributed on the interval [x, 1]. That is, we would antici- P (E <Y< 7 ¥ = 1\ 7/8 1
pate that h(y|x) = 1/(1 —x),x <y < 1. More formally now, we have by 4~ " —8 Y L4 h(}’ Z) dy
definition that .
8 | 1
h(ylx)=f(x’y)— 2 x<y<l 0<x<Ll =L4§ﬁdy=g_

i) 21— x)

The conditional mean of Y, given X = x, is

o1 y P _1+x
= =21 =- <x<1l
E(Y1) L”l ==Y [2(1 ).~z =*=
e L E .
Note that, for a given x, the conditional mean of 1? lies on the dotted line in xercises
e e e J T —

Figure 3.7-2, a result that also agrees with our intuition.
In general,@E(le) is linear , it is equal to -

Oy

E(Y|x) = py + p(;;)(x - Kx)-

3.7%6> = ‘
@] Let f(x,y) = 1/20,x < y<x +2,0<x < 10, be the joint p.d.f. of X and Y.

We sould=lmve calculated the correlation coefficient directly from th l @ Sketgh the region for which i
., Find " 0’
e e ! y e ?))) Find £,00), the marginal pd { (::f ;1() > 0, that is, the support.
©) Find h(y|x), the conditional p.d.{, of Y, gi =
p= E[(X — pux)(Y — py)] _ Cov(X,Y) (&) Find the conditional mean a;)dwm‘:)ﬁeg'l:fe ;);n;: X = x
‘ Ox 0y 6x0y 0] _F‘“d J3(»), the marginal pdf. of Y. — Hjud_+1is s 5M k-..\ul like
. L N F) Fiad P(7e|X= 5D, P (426} ¥=2), Asth,paqyatrRa..’
n :(amp e .7-22 we showed that Cov(X, Y) = 1/36. We also found E(Y)and - B. For Heeyamiplog 52 P( - .
E(Y?) so that o} = E(Y?) — [E(Y)]? = 1/2 — (2/3)* = 1/18. %6 0} = o}, 50 & Frad o W
IHtonsemd ol *
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<. 6(’%/'1\: (X+4y) , 0cxs1, ey =) (‘l’ea_wwiéeauo/uwd&l
Find flq1%). Find ECY[x). (Thuwillustbe liear!)
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